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Abstract 

We construct a one parameter deformation of the group of 2 x 2 upper 
triangular matrices with determinant 1 using the twisting construction. 
An interesting feature of this new example of a locally compact quan- 
tum group is that the Haar measure is deformed in a non-trivial way. 
Also, we give a complete description of the dual C*-algebra and the dual 
comultiplication. 

1 Introduction 

In [31 [13], M. Enock and the second author proposed a systematic approach 
to the construction of non-trivial Kac algebras by twisting. To illustrate it, 
consider a cocommutative Kac algebra structure on the group von Neumann 
algebra M = C{G) of a non commutative locally compact (I.e.) group G with 
comultipHcation A(Ag) = \g®Xg (here Ag is the left translation by g S G). Let 
us define on M another, "twisted", comultipHcation Ao(-) — r2A(-)r2*, where 
f2 is a unitary from M ®M verifying certain 2-cocycle condition, and construct 
in this way new, non cocommutative, Kac algebra structure on M . In order to 
find such an il, let us, following to M. Rieffel [10] and M. Landstad [8], take 
an inclusion a : L°°{K) A/, where K is the dual to some abelian subgroup 
K oi G such that 6\k ~ 1, where S{-) is the module of G. Then, one lifts a 
usual 2-cocycle ^ oi K : fl = {a a)'^ . The main result of [5], [13] is that the 
integral by the Haar measure of G gives also the Haar measure of the deformed 
object. Recently P. Kasprzak studied the deformation of I.e. groups by twisting 
in [5], and also in this case the Haar measure was not deformed. 

In [4], the authors extended the twisting construction in order to cover the 
case of non-trivial deformation of the Haar measure. The aim of the present 
paper is to illustrate this construction on a concrete example and to compute 
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explicitly all the ingredients of the twisted quantum group including the dual C*- 
algebra and the dual comultiplication. We twist the group von Neumann algebra 
C{G) of the group G of 2 x 2 upper triangular matrices with determinant 1 using 
the abelian subgroup K — C* of diagonal matrices of G and a one parameter 
family of bicharacters on K. In this case, the subgroup K is not included 
in the kernel of the modular function of G, this is why the Haar measure is 
deformed. We compute the new Haar measure and show that the dual G*- 
algebra is generated by 2 normal operators a and $ such that 

aP = Pa af3* = q(3*a, 

where g > 0. Moreover, the comultiplication A is given by 

At(d) = d (g) d, At(/3) = d ® /3+/3 ® d-\ 

where + means the closure of the sum of two operators. 

This paper in organized as follows. In Section 2 we recall some basic defini- 
tions and results. In Section 3 we present in detail our example computing all 
the ingredients associated. This example is inspired by [5 , but an important 
difference is that in the present example the Haar measure is deformed in a non 
trivial way. Finally, we collect some useful results in the Appendix. 

2 Preliminaries 

2.1 Notations 

Let B{H) be the algebra of all bounded linear operators on a Hilbert space 
iJ, ® the tensor product of Hilbert spaces, von Neumann algebras or minimal 
tensor product of G*-algebras, and S (resp., a) the flip map on it. If H,K and 
L are Hilbert spaces and X e B{H®L) (resp., X e B{H®K),X e B{K®L)), 
we denote by X13 (resp., X12, ^23) the operator (1 ® E*)(X (g) 1)(1 (g) E) (resp., 
X (g) 1, 1 g) X) defined 0x1 H ® K ® L. For any subset X of a Banach space E, 
we denote by {X) the vector space generated by X and [X] the closed vector 
space generated by X. All I.e. groups considered in this paper are supposed 
to be second countable, all Hilbert spaces are separable and all von Neumann 
algebras have separable preduals. 

Given a normal semi-finite faithful (n.s.f.) weight on a von Neumann 
algebra M (see [12]), we denote: M'^ = {x e M+ \ 9{x) < +00}, Afe ^ {x & 
M\x*xe M+}, and Mg = {Mj). 

When A and B are G*-algebras, we denote by M{A) the algebra of the 
multipliers of A and by Mor{A, B) the set of the morphisms from A to B. 

2.2 G-products and their deformation 

For the notions of an action of a I.e. group G on a G*-algebra A, a G* dynamical 
system (A, G, a), a crossed product Gq k A of A by G see [9]. The crossed 
product has the following universal property: 
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For any C*-covariant representation (tt, u, B) of {A, G, a) (here B is a C*- 
algebra, tt : A — > U a morphism, u is a group morphism from G to the unitaries 
of M{B), continuous for the strict topology), there is a unique morphism p e 
Mor(G Q K A, S) such that 

p{Xt)^ut, pl-Kaix)) = tt{x) yteG.xeA. 

Definition 1 Let G be a I.e. ahelian group, B a C* -algebra, A a morphism from 
G to the unitary group of M{B), continuous in the strict topology of M[B), and 
9 a continuous action of G on B. The triplet (B,X,9) is called a G-product if 
6'7(\) = (7,5)^3 for all-feG,ge G. 

The unitary representation X : G —^ M(i?) generates a morphism : 

A e Mor(C*(G),B). 

Identifying C*(G) with Co(G), one gets a morphism A S Mor(Go(G), S) which 
is defined in a unique way by its values on the characters 

= (7 '-^ (7,5>) e Cb{G) : X{ug) = Xg, for all g <E G. 

One can check that A is injective. 

The action 6 is done by: 6^{X{ug)) = ^^(Ag) = {-f,g)Xg — A(ug(.— 7)). Since 
the Ug generate Cb{G), one deduces that: 

e,{X{f)) = A(/(. - 7)), for all / G Gfc(G). 

The following definition is equivalent to the original definition by Landstad 
i (see i): 

Definition 2 Let {B,X,9) be a G-poduct and x G M{B). One says that x 
verifies the Landstad conditions if 

(z) 9~^{x) ~ X, for any 7 G G, 

[ii) the application g i~+ AgxA* is continuous, (1) 
{Hi) X{f)xX{g)eB, for any f,geGo{G). 

The set A G M{B) verifying these conditions is a G*-algebra called the Landstad 
algebra of the G-product {B,X,9). Definition [2] implies that if a G A, then 
XgoX* G A and the map g i-^ XgoX* is continuous. One gets then an action of 
G on A. 

One can show that the inclusion A M{B) is a morphism of G*-algebras, 
so M{A) can be also included into M{B). If x G M{B), then x G M{A) if and 
only if 

J (i) 9j{x) = X, for all 7 G G, 

[ {ii) for all a G A, the application g 1-^ XgxX*a is continuous. 
Let us note that two first conditions of ^ imply 



3 



The notions of G-product and crossed product are closely related. Indeed, 
if {A, G, a) is a G* -dynamical system with G abelian, let B = G a « A he the 
crossed product and A the canonical morphism from G into the unitary group 
of M{B), continuous in the strict topology, and tt € Mot:{A,B) the canonical 
morphism of G*-algebras. For / e IC{G,A) and 7 S G, one defines {9^f){t) = 
{'-f,t)f{t). One shows that 9^ can be extended to the automorphisms of B in 
such a way that {B, G, 9) would be a G*-dynamical system. Moreover, {B, A, 9) 
is a G-product and the associated Landstad algebra is 7r(A). 9 is called the dual 
action. Conversely, if {B, A, 9) is a G-product, then one shows that there exists 
a G*-dynamical system (A, G, a) such that B = G a ^ A. It is unique (up to 
a covariant isomorphism), A is the Landstad algebra of {B,X,9) and a is the 
action of G on ^ given by at{x) = AtxAj . 

Lemma 1 Let {B, A, 9) be a G-product and V d A be a vector subspace of 
the Landstad algebra such that: 

• XgVX*g C V, for any g eG, 

• A(Go(G))yA(Go(G)) is dense m B. 
Then V is dense in A. 

Let {B, A, 9) be a G-product, A its Landstad algebra, and ^ a continuous 
bicharacter on G. For 7 G G, the function on G defined by '^■^{1.^) — '^{oj,^) 
generates a family of unitaries A(5'-,) G M(i3). The bicharacter condition im- 

phes: 

0^(f/^J = A(*^,(. -71)) = ^-(71, 72)1/72, V7i,72 e G. 

One gets then a new action 6** of G on S: 

0*(x) = C/^^(a:)f/;. 
Note that, by commutativity of G, one has: 

0*(Ag) = C/^e(A<,)[/; = ^\g, ^jeG^geG. 
The triplet (i?, A, 6**) is then a G-product, called a deformed G-product. 

2.3 Locally compact quantum groups [6], [7] 

A pair (A/, A) is called a (von Neumann algebraic) I.e. quantum group when 

• Af is a von Neumann algebra and A : Af — > M (g) M is a normal and 
unital *-homomorphism which is coassociative: (A (g) id)A = (id (g) A)A 
(i.e., (Af, A) is a Hopf-von Neumann algebra). 

• There exist n.s.f. weights ip and ip on M such that 

— is left invariant in the sense that ip[{uj d) id)A(a;)) — (p{x)Lj{l) for 
aU X e and cj e Af+, 
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— V' is right invariant in the sense that ip(^{id(^Lj)A{x)) — ip{x)uj{l) for 
all X 6 and uj e M+. 

Left and right invariant weights are unique up to a positive scalar. 

Let us represent M on the GNS Hilbert space of (p and define a unitary W 

on H >g) H hy 

W*{A{a) (g) A(6)) = (A A)(A(6)(a 1)), for aU a,b e N^, . 

Here, A denotes the canonical GNS-map for 93, A® A the similar map for ip(S^(p. 
One proves that W satisfies the pentagonal equation: W12W13W23 — W23W12, 
and we say that TV is a multiplicative unitary. The von Neumann algebra M 
and the comultiplication on it can be given in terms of W respectively as 

M = {{id(g,u){W) I u e BiH),}-^-'''-°''s* 

and A{x) — W*{1 (g) x)W, for all x e AI. Next, the I.e. quantum group {M, A) 
has an antipode S, which is the unique cr-strongly* closed linear map from M 
to M satisfying (id (g) uj){W) G V{S) for aU u G B{H)^ and S'(id ® uj){W) = 
(id (g) and such that the elements (id(E)Uj){W) form a cr-strong* core for 
S. S has a polar decomposition S" = i?r_j/2j where i? (the unitary antipode) is 
an anti- automorphism of M and Tt (the scaling group of (M, A)) is a strongly 
continuous one-parameter group of automorphisms of M. We have cr(i?®i?)A = 
AR, so (pi? is a right invariant weight on (M, A) and we take tp :— (pR. 

Let at be the modular automorphism group of ip. There exist a number 
1^ > 0, called the scaling constant, such that at ~ v^^ t/j for all i S R. Hence 
(see [13]), there is a unique positive, self-adjoint operator Sm afhliated to M, 
such that at {6m) = 5m for all t G R and ij] = 'PSm ■ K is called the modular 
element of (M, A). If 5m = 1 we call (M, A) unimodular. The scaling constant 
can be characterized as well by the relative invariance prt — (p. 

For the dual I.e. quantum group (M, A) we have : 

M = {{uo ® iA){W) I u e B(ii)4-'"^''*'^°"»* 

and A(a;) = J^W{x (g 1)W^*E for all x e M. A left invariant n.s.f. weight p> 
on M can be constructed explicitly and the associated multiplicative unitary is 
W = 

Since (M, A) is again a I.e. quantum group, let us denote its antipode by S, 
its unitary antipode by R and its scaling group by ff. Then we can construct 
the dual of (M, A), starting from the left invariant weight 0. The bidual I.e. 

quantum group {M, A) is isomorphic to {M, A). 

M is commutative if and only if (M, A) is generated by a usual I.e. group 
G:M = L^{G), (AG/)(ff, h) = f{gh), {SGf){g) = /(s"^), ^gU) = J /(<?) dg, 
where / £ L°°{G), g,h £ G and we integrate with respect to the left Haar 
measure dg on G. Then -0(3 is given by ^paif) = J f{9^^) dg and Sm by the 
strictly positive function g 1— > 5G{g)^^. 

L°°{G) acts on H = L^{G) by multiplication and [WaCiig, h) ^ £,{g,g~^h), 
for all ^ e H g) i? = i^(G X G). Then M = C{G) is the group von Neumann 
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algebra generated by the left translations (Ag)ggG of G and AG(Ag) — Xg® \g. 
Clearly, K°q := a o Aq = Ag, so Aq is cocommutative. 

(M, A) is a Kac algebra (see [1]) if = id, for all t, and Sm is affiliated with 
the center of M. In particular, this is the case when M = L°°{G) or M — C{G). 

We can also define the C*-algebra of continuous functions vanishing at in- 
finity on (M, A) by 

[(\d®uj){W) I 

and the reduced C*-algebra (or dual C*-algebra) of (Af , A) by 

i= [{uj®iA)(W) I ujeB{H);\. 

In the group case we have A = Co(G) and A = Cr{G). Moreover, we have 
A e Mor(A, AiS>A) and A e Mor(i, A® A). 

A I.e. quantum group is called compact if 1^9(1^) < 00 and discrete if its 
dual is compact. 

2.4 Twisting of locally compact quantum groups [4j 

Let (M, A) be a locally compact quantum group and fl a unitary in M eg) M. 
We say that il is a 2-cocycle on (A/, A) if 

{n i)(A ® id){n) = (1 ® n){id a)(17). 

As an example we can consider M — L°°{G), where G is a I.e. group, with A^ 
as above, and f2 — ^'(•, •) £ L°°{G x G) a usual 2-cocycle on G, i.e., a mesurable 
function with values in the unit circle T C C verifying 

*(si, S2)5'(siS2, S3) — 5'(s2, S3)5'(si, S2S3), for almost aU si, S2, S3 G G. 

This is the case for any measurable bicharacter on G. 

When r2 is a 2-cocycle on (Af, A), one can check that Ao(-) — flA{-)rt* is 
a new coassociative comultiplication on M. If (Af, A) is discrete and $7 is any 
2-cocycle on it, then (Af, Aq) is again a I.e. quantum group (see [T], finite- 
dimensional case was treated in [H]). In the general case, one can proceed as 
follows. Let a : {L°°{G), Aq) (Af, A) be an inclusion of Hopf-von Neumann 
algebras, i.e., a faithful unital normal *-homomorphism such that (a(8'a)o Aq = 
A o a. Such an inclusion allows to construct a 2-cocycle of (Af , A) by lifting a 
usual 2-cocycle oi G : = {a a)'^/ . It is shown in [3] that if the image of a 
is included into the centralizer of the left invariant weight ip, then ip is also left 
invariant for the new comultiplication Aq. 

In particular, let G be a non commutative I.e. group and K a closed abelian 
subgroup of G. By Theorem 6 of [TT], there exists a faithful unital normal 
*-homomorphism a : C{K) C{G) such that 

q(A^) = Ag, for all g & K, and Ao a — {a ® a) o Ak, 
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where A and A are the left regular representation of K and G respectively, 
and Kk and A are the comultiplications on C{K) and C{G) repectively. The 
composition of a with the canonical isomorphism L°°{K) ~ JC.{K) given by 
the Fourier tranformation, is a faithful unital normal *-homomorphism a : 
L°°{K) C{G) such that Aoa = {a®a)oA^^ where is the comultiplication 
on L°°{K). The left invariant weight on C{G) is the Plancherel weight for which 

(Jt{x) ^ 5^x5q'\ for aU a; e £(0), 

where 5q is the modular function of G. Thus, crt(Ag) — 5Q{g)\g or 

(Jt o a{ug) = a{ug{- - 7t)), 

where Wg(7) = (7,<7), g ^ G,j d G, 74 is the character K defined by {'^t,g) = 
^G^^id)- linearity and density we obtain: 

at o a{F) = a{F{- - -ft)), for aU F G L^{k). 

This is why we do the following assumptions. Let (A/, A) be a I.e. quantum 
group, G an abelian I.e. group and a : {L°°{G),Ag) (Af, A) an inclusion of 
Hopf-von Neumann algebras. Let ip be the left invariant weight, at its modular 
group, S the antipode, R the unitary antipode, Tj the scaling group. Let ^ = 
1^ o i? be the right invariant weight and CTj its modular group. Also we denote 
by 6 the modular element of (M, A). Suppose that there exists a continuous 
group homomorphism 1 1-^ from K to G such that 

at o a{F) = a{F{- - 7*)), for all F e L°°(G'). 

Let '3/ be a continuous bicharacter on G. Notice that {t,s) 1— » ^'(7f,7s) is a 
continuous bicharacter on R, so there exists A > such that ^'(7t,7s) — A'^*. 
We define: 

ut = X'^a{^{.,-jt)) and Vt ^ X'^ a {^{--ft, .)) . 

The 2-cocycle equation implies that ut is a crt-cocyle and Vt is a CTj-cocycle. The 
Connes' Theorem gives two n.s.f. weights on M, ipQ and t/iq, such that 

Ut = [Difn : Dip]t and vt = [Dipn : D^p]t. 

The main result of [4] is as follows: 

Theorem 1 (M, Aq) is a I.e. quantum group with left and right invariant 
weight ifn and tpn respeetively. Moreover, denoting by a subscript or a super- 
script fl the objects associated with (M, Aq) one has: 



• = V and — SA ^B, 
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• T){Sn) = T^iS) and, for all x G T>{S), Sq{x) — uS{x)u*. 

Remark that, because 4' is a bicharacter on G, 1 1-^ — 7t)) ^ repre- 

sentation of M in the unitary group of M and there exists a positive self-adjoint 
operator A affihated with M such that 

-7t)) = for aU t £ M. 

We can also define a positive self-adjoint operator B affiliated with M such that 

a(«'(-7t,.)) = ^''*- 

We obtain : 

Thus, we have Lpn = ipA and tpn = tps, where ipA and ipB are the weights defined 
by S. Vaes in [13J . 

One can also compute the dual C*-algebra and the dual comultiplication. 
We put: 

— a(u^), — JL^J, for all 7 e G. 

From the representation 7 i—s- L-y we get the unital *-homoniorphisni Al : 
L°°{G) M and from the representation 7 1-^ _R-y we get the unital nor- 
mal *-homomorphism Xn : L°°{G) M . Let A be the reduced C* -algebra of 
(M, A). We can define an action of & on A by 

'-^71,72 (''') ~ -^71 -R72 '^-^72 -^71 ■ 

Let us consider the crossed product C*-algebra B = & a ^ A. We will denote 
by A the canonical morphism from & to the unitary group of M(i3) continuous 
in the strict topology on M(_B), tt €Mot{A, B) the canonical morphism and 9 
the dual action of G^ on B. Recall that the triplet {G^,X,9) is a G^-product. 
Let us denote by (G^,A, 0*) the G^-product obtained by deformation of the 
G^-product (G^, A, 9) by the bicharacter ^(5, h, s, t) := ^{g, s)'^{h, t) on G^. 
The dual deformed action 6** is done by 

d,S2)(^) = ^9i^92^(si,s2)(2;)t^3i^32' foi' 91,92 £ G, xeB, 

where Ug = Al(*;), Vg = Afl(*<,), ^^(/i) = 

Considering as an element of G, we get a morphism from G to G, also 
noted 5*, such that '^{g) = ^g- With these notations, one has Ug = q) 
and Vg ~ ^(^^(g))- Then the action 0* on tt{A) is done by 

d,S2)('^(2^)) = 7r(a(*(_g,),*(g3))(a;)). (3) 

Let us consider the Landstad algebra ^* associated with this G^-product. 
By definition of a and the universality of the crossed product we get a morphism 

p e Mor(_B,/C(i?)), p(A7i,72) = L7ii?72 et p{Tr{x)) ^ x. (4) 
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It is shown in [1] that — Aq and that p is injective on . This gives a 

canonical isomorphism A* ~ Aq. In the sequel we identify A* with ^n- The 
comultiplication can be described in the following way. First, one can show 
that, using universality of the crossed product, there exists a unique morphism 
r e Mor(B, B'S>B) such that: 



ro7r=(7r(g)7r)oA and T^i^'yi,-f2) — '^■yi.o ® '^o. 



72 ■ 



Then we introduce the unitary T = (Aj? ® Al)(^) G M{B(S)B), where ^{g, h) = 
gh). This allows us to define the *-morphism Va{x) = Tr(a::)T* from B to 
M{B (g) B). One can show that Tq S Mor(^*, A* (g) A*) is the comuhiplication 
on A*. 

Note that if M — C{G) and K is an abelian closed subgroup of G, the action 
a of if^ on Co(G) is the left-right action. 

3 Twisting of the group of 2 x 2 upper triangular 
matrices with determinant 1 

Consider the following subgroup of 5^2 (C) : 

Let A' C G be the subgroup of diagonal matrices in G, i.e. K = €-* . The 
elements of G will be denoted by (z, w), z G C, t^; G C*. The modular function 
of G is 

5g{{z,oj))^\z\-\ 
Thus, the morphism {t ^t) from R to C* is given by 

z) = \z\^'\ for aU z e C*, i £ M. 
We can identify C* with Z x M!^ in the following way: 

Z X M; ^ C>, ^ 7„^p = (re'" ^ ^^i'^rln p ^^ney 

Under this identification, 7^ is the element (0, e*) of Z x For all x G M, we 
define a bicharacter on Z x by 

vl/,((n,p),(fc,r)) =e*^(^- 
We denote by (Ma,, A^;) the twisted I.e. quantum group. We have: 

vl/,((n,p),7r')=e-*"=^,,.*((n,p)). 
In this way we obtain the operator A^ deforming the Planchcrel weight: 
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In the same way we compute the operator deforming the Plancherel weight: 

r>it \G A^if 

— '^(e-"*,0) — -^x ■ 

Thus, we obtain for the modular element : 

^it /l— Jlt^t \G 

"x — ^x ^x — ^(e-2it=,0)- 

The antipode is not deformed. The scaling group is trivial but, if a; 7^ 0, 
(MejAj;) is not a Kac algebra because 5x is not affiliated with the center 
of M. Let us look if [M^.l^x) can be isomorphic for different values of x. 
One can remark that, since ^ -x = is antisymmetric and A is cocommu- 
tative, we have A-j; = a/S.^, where a is the flip on C{G) ® ^{G). Thus, 
{M-x, '^-x) — {Mx,^x)°^, where "op" means the opposite quantum group. 
So, it suffices to treat only strictly positive values of x. The twisting deforms 
only the comultiplication, the weights and the modular element. The simplest 
invariant distinguishing the (Ai^;, A^,) is then the specter of the modular ele- 
ment. Using the Fourier transformation in the first variable, on has immediately 
Sp((Sa;) = U {0}, where = e^^^. Thus, if x ^ y, x > 0,y > 0, one has 
Qx 7^ 1y Siud, consequently, {Mx, A^,) and {My, Ay) are non isomorphic. 

We compute now the dual C*-algebra. The action of on Co(G) can 
be lifted to its Lie algebra C^. The lifting does not change the result of the 
deformation (see [5], Proposition 3.17) but simplify calculations. The action of 
C'^ on Co(G) will be denoted by p. One has 

p,„,,(/)(z,c.) - /(e^^-^^z,e-(^^+^^)w). (5) 

The group C is self-dual, the duality is given by 

(zi, Z2) ^ exp (ilm(zi2:2)) . 

The generators u^, z G C, of Co(C) are given by 

Uz{'w) — exp (ilm(zw)) , z, w £ C. 

Let a; G R. We will consider the following bicharacter on C: 

"^xizi-, Z2) = exp (ia;Im(ziZ2)) . 

Let B be the crossed product C*-algebra k Co(G). We denote by ((zi, Z2) 1^ 
\zi,z2) the canonical group homomorphism from G to the unitary group of 
M(i?), continuous for the strict topology, and tt GMor(Co(G), i?) the canonical 
homomorphism. Also we denote by A G Mor(Go(G^), B) the morphism given by 
the representation ((zi, Z2) 1— > A^^^zj). Let 9 be the dual action of on i3. We 
have, for all z, w S C, '^x{w, z) — Uxz{w). The deformed dual action is given by 

Ofuz.ib) = X-x^,,x^.e.,Mb)Xlx^^^x^,- (6) 

Recall that 

^*%.(A(,/))=^?.,,..(A(/))-A(/(.-zi,--z2)), yfeCbiC^). (7) 
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Let Ax be the associated Landstad algebra. We identify with the reduced 
C*-algebra of {Mx, A^)- We will now construct two normal operators affiliated 
with Ax, which generate A^- Let a and b be the coordinate functions on G, and 
a = 7r(a), P = 7r(6). Then a and /? are normal operators, affiliated with B, and 
one can see, using JS]), that 

A.„..aA:^,., = e^'-^^a, A.„.,/3A:^^,^ = (8) 

We can deduce, using ©, that 

^^*:..(«)=e-(^^+^^)a, 0*%,(/3) = e-(^-^^)/3. (9) 

Let Ti and be the infinitesimal generators of the left and right shift respec- 
tively, i.e. Ti and Tr are normal, affiliated with B, and 

Azi,z2 = exp (zlm(ziTi)) exp (iIm(z2Tr)) , for all zi,Z2GC. 

Thus, we have: 

A(/) = /(r,,T,), for all / e a(C2). 
Let U = X{'i>x), we define the following normal operators affiliated with B: 

a:^U*aU, P = UPU*. 

Proposition 1 The operators a and (3 are affiliated with A^ and generate A^ . 

Proof. First let us show that f{a)J0) e M(it), for aU / £ Co(C). One 
has, using ([7]): 

- X{^xi.~z^,.-Z2)) 

Now, using ^ and ([8]), we obtain: 

C%2(a)=«: OlyJp)=p, forallzi,Z2 gC. 

Thus, for all / e Co(C), /(d) and /(/3) are fixed points for the action 0*"^. 
Let / e Co(C). Using JS]) we find: 

A.,..J(a)A;,,, - U*fie^^~^^a)U, 

A.,,../(/3)A;,,, - C/*/(e-(^^+^^)/3)C/. (10) 

Because / is continuous and vanish at infinity, the applications 

(zi,Z2) Azi,z2/(d)A*^ 3^ and {zi, Z2) i-^ Xz,,zJ0)Xl^^^^ 

are norm-continuous and f{a),f{f]) G M{Ax), for all / G Co(C). 
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Taking in mind Proposition [?] (see Appendix) , in order to show that a is 
affiliated with A^, it suffices to show that the vector space T generated by 
f{a)a, with / e Co(C) and a £ A^, is dense in A^- Using pUj) . we see 
that 2 is globally invariant under the action implemented by A. Let g{z) = 
(1 + zz)-^. As X{Co{C^))U = A(Co(C2)), we can deduce that the closure of 
A(Co(C2))5(a)i^A(Co(C2)) is equal to 

A(Co(C2))(l + a*a)-^U*A^X(Co{C^)) . 

As the set U* A.j;X{Co{C'^)) is dense in B and a is affiliated with B, the set 
A(Co(C2))(l + a*a)-^U*A.^X{CQ{C'^)) is dense in B. Moreover, it is included 
in A(Co(C2))JA(Co(C2)), so X{Co{C^))JX{Co{C^)) is dense in B. We conclude, 
using Lemma [l] that I is dense in A^. One can show in the same way that /3 is 
affiliated with A^. 

Now, let us show that a and /3 generate A^. By Proposition [5l it suffices to 
show that 

V = /,5GCo(C)) 

is a dense vector subspace of A^. We have shown above that the elements of V 
satisfy the two first Landstad's conditions. Let 

[A(C7o(C2))VA(Co(C2))] . 

We will show that W = B. This proves that the elements of V satisfy the third 
Landstad's condition, and then V C A^- Then (fTO|) shows that V is globally 
invariant under the action implemented by A, so V is dense in A^ by Lemma [TJ 
One has: 

W = [xU*f{a)U'g{(3)U*y , f,9 e Co{C), x,y e X{Co{C'))] . 

Because U is unitary, we can substitute x with xU and y with Uy without 
changing W: 

W^[xf{a)U'g{(3)y, f,g e Co{C), x,y e X{Co{C^))] . 
Using, for all / G Co(C), the norm-continuity of the application 

(zi,Z2) ^^ A2i,22/(a)A;^_^^ = e'^^^'^ia, 

one deduces that 

[f{a)x, / e Co(C), X e A(Co(C^))] 
= [x/(a), / e Co(C), x e A(Co(C2))] . 

In particular, 

W = [f{a)xU'gi(3)y, f,g e Co(C), x,?; e X{Co{C^))] . 
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Now we can commute g{l3) and y, and we obtain: 

W = [f{a)xU'yg{(3) , f,g e Co(C), x,y e \{Co{C'))] . 

Substituting x ^ xU* , y i-^ U*y, one has: 

W = [f{a)xyg{(3) , f,ge Co{C), x,y e A(Co(C2))] . 

Commuting back /(a) with x and (?(/3) with y, we obtain: 

W = [a;/(a)g(/3)y, /,5 e Co(C), G A(Co(C2))] = B. 

This concludes the proof. ■ 
We will now find the commutation relations between a and /3. 

Proposition 2 One has: 

1. a et Ti* + T* strongly commute and a — e^*-"^' +"^'--'a. 

2. (3 et Ti — T* strongly commute and (3 — e^^^' ~^'-^/3. 
Thus, the polar decompositions are given by : 

Ph{a) = e-'=^-f"(^'+^'-)P/i(a) , |a| = e^«'=(^'+^-) |a|, 
Ph0) = e-"-'"('^'-^'-)p/i(/3) , = e^-«<^'-^")|/3|. 

Moreover, we have the following relations: 

1. \a\ and \[3\ strongly commute, 

2. Ph{a)Ph0) = Ph0)Ph{a), 

3. Ph{a)\(3\Ph{a)* = e*^]/?], 

4. Ph{$)\a\Ph{(3)* = e-^^lal- 

Proof. Using ([8]), we find, for all z E C: 

Thus, Ti + T* and a strongly commute. Moreover, because e*^^™^'"^' — 1, one 
has: 

We can now prove the point 1 using the equality e~"^™^''^ae*^^™-'"''^ — e^'^a, 
the preceding equation and the fact that T^* + T* and a strongly commute. The 
proof of the second assertion is similar and the polar decompositions follows. 
From ^ we deduce : 
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g-i2:Im(T,-T,)Q,girfm(T,-T,) ^ e"^^a, 

^ixIni(Ti+T^) P^-ixIni{Ti+T^) ^ e"^""/? 

gia;Re(T,-Ti)Q,g-ia;Re(T,-T,) ^ g^'^Q!, 

gia;Re(Ti+T^)^g-ixRe(Ti+T^) _ g-2ix^ 

It is now easy to prove the last relations from the preceding equations and the 
polar decompositions. ■ 
We can now give a formula for the comultiplication. 

Proposition 3 Let be the comultiplication on ■ One has: 

Ax{a) = d (g) d, Aa.(/5) = d (g (g) d~^ 
Proof. Using the Preliminaries, we have that A^; = Tr(.)T*, where 

Y = gixImT^®T,* 

and r is given by 

• T{Ti) = 1, T{Tr) = l®Tr\ 

• r restricted to Cq{G) is equal to the comultiplication Aq- 

Define R = TT(U*). One has A^{a) = R{a (g a)R*. Thus, it is sufficient to 
show that {U (g U)R commute with a (g a. Indeed, in this case, one has 

A^(d) = R{a^a)R* = {U*®U*){Um)R{a^a)R*{U*m*){U^U) = a®a. 

Let us show that {U ® U)R commute with a (g) a. Prom the equality U = 

g«imT,T;^ wc deduce that 

Thus, R = e-'^i-C^^ri+^i^T-;) ^^^d 

{U (g U)R = e»^MriT;(8ii+i0TiT;-T;(8iTi-Ti(8)T;)^ 

Notice that 

TiT* (g 1 + 1 g) Tit; - t; (g}Ti- Ti g) t; = (Ti 1 - 1 ® Ti){t; (g i - 1 (g t*). 

Thus, it suffices to show that Ti®l -l®Ti and T; (g 1 - 1 (g) T; strongly 
commute with a® a. This follows from the equations 

giImz(T;(8il-10T;)^^ ^ ^y-ilTaz{T*®l-l^T;) 

= (Ao,-j ig) Ao,j)(a (g a){Xo-z <g) Ao,j)* 
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and 



= e^^e^a ® a — a ^ a, Vz G C. 



Put S = Tr(C/). One has: 

A^(/3) ^S{a(g)P + p(E) a-^)S* = S{a ® (3)S*+S{P ® a-^)S*. 

As before, we see that it suffices to show that ([/ (g) f7*)5 commutes with a ® /3 
and that ([/* ®U)S commutes with f3®a~^, and one can check this in the same 
way . ■ 
Let us summarize the preceding resuhs in the following corollary (see |16[ [S] 
for the definition of commutation relation between unbounded operators): 

Corollary 1 Let q = e*^. The C* -algebra is generated by 2 normal opera- 
tors a and f3 affiliated with Ax such that 

af3 — f3a d/3* — qP*a. 

Moreover, the comultiplication is given by 

Ax{a) = A a, Ax0) = d (g) d^^ 

Remark. One can show, using the results of 4J, that the application {q i— s- 
Wq) which maps the parameter q to the multiplicative unitary of the twisted 
I.e. quantum group is continuous in the cr-weak topology. 



4 Appendix 

Let us cite some results on operators affiliated with a C* -algebra. 

Proposition 4 Let A C B{H) be a non degenerated C* -subalgebra and T a 
normal densely defined closed operator on H . Letl be the vector space generated 
by f{T)a, where f S Co(C) and a ^ A. Then: 



(TrjA) ^ 



/(T) e M{A) for any f G Co(C) 
et X is dense in A 



Proof. If T is afHhated with A, then it is clear that /(T) e M{A) for any / e 
Co(C), and that Z is dense in A (because X contains {l-\-T*T)~2 A). To show the 
converse, consider the *-homomorphism ttt ■ Co(C) M{A) given by TTrif) = 
f{T). By hypothesis, 7rT(Co(C))A is dense in A. So, ttt G Mor(Co(C), A) and 
T = 7r7'(z I— » z) is then affiliated with A. ■ 
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Proposition 5 Let A C B{H) be a non degenerated C* -subalgebra andTi,T2, ■ ■ ■ , 
normal operators affiliated with A. Let us denote by V the vector space generated 
by the products of the form /i(T'i)/2(T2) . . . fNiT^), with fi G Co(C). LfV is a 
dense vector subspace of A, then A is generated by Ti,T2, . . . , Tjy. 

Proof. This follows from Theorem 3.3 in [15]. ■ 
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